M. Boucetta

On the Riemann-Poisson manifolds.

M. Boucetta
University Cadi-Ayyad

Slide 1
Marrakech Morocco
e-mail: boucetta@fstg-marrakech.ac.ma
Conference on Poisson Geometry
ICTP Trieste
18 July 2005
1. Definition and examples of Riemann-Poisson
manifolds;
Slide 2 2. Some general properties of Riemann-Poisson
manifolds;

3. Linear Riemann-Poisson structures;
4. Local structure of flat Riemann-Poisson manifolds;

5. A Riemannian study of Riemann-Poisson structures

on dimension 2 or 3.

N /




Slide 3

Slide 4

M. Boucetta

(

1] M. Boucetta, Compatibilité des structures
pseudo-riemanniennes et des structures de Poisson, C. R. Acad.
Sci. Paris, t. 333 (2001) 763-768.

[2] M. Boucetta, Riemann-Poisson manifolds and
Kéhler-Riemann foliations, C. R. Acad. Sci. Paris, t. 336 (2003)
423-428.

[3] M. Boucetta, Poisson manifolds with compatible
pseudo-metric and pseudo-Riemannian Lie algebras, Differential
Geometry and its Applications, Vol. 20 (2004) 279-291.

[4] M. Boucetta, On the Riemann-Lie Algebras and
Riemann-Poisson Lie Groups, Journal of Lie Theory Vol. 15
(2005) 183-195.

[5] M. Boucetta, A Riemannian study of Poisson structures

\compatible with a Riemannian metric, in preparation.

~

/

/ Notations I

For a Riemannian manifold P of dimension n, we will
denote:

- g the metric when it measures the length of tangent

vectors;

-V the Levi-Civita covariant connection associated to
the metric;

- ) the Riemannian volume form when P is orientable;

Qhe metric.

- <, > the metric when it measures the length of 1-forms;

- # . T*P — TP the musical isomorphism associated to
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/ Definition and examples of I
Riemann-Poisson manifolds I

The Poisson tensor determines a Lie algebroid structure
on T*P defined by the vector bundle homomorphism
my : T"P — TP given by

B (mu(e)) = m(a, 3),

and the Koszul bracket [, |, of 1-forms given by
(@, Bl = Lay(@) = Ly — d(m(, 9)).

\(T*P, Ty, |, ]x, <,>) is an euclidian Lie algebroid.

Let P be a Riemannian manifold and 7 a Poisson tensor.

~
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-

There exists an unique contravariant connection D
associated to this euclidian algebroid such that:

i) the metric is parallel with respect to D i.e.
my(a). < 0,7 >=< Do,y >+ <, Doy >,

i1) D is torsion-free i.e.

Daﬁ — DBOA = D[a’ﬁ]

T

The connection D will be called the Levi-Civita
contravariant connection associated with (<, >, ).
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It is given by

2< DyB,y> =
+ <[77a]7r)6>+<[7’/6]7T7a>+<[aa/6]ﬂvfy>'

The symplectic case

When 7 is invertible, D is given by

Do = 5" (V3 wm#(8))

metric

-1

gr(u,v) =< W;ﬁl(u),w# (v) > .

N

ma(a). < B,y > 414 (0). < a,y > —mx(v). < o, 8 >

where V7™ is the Levi-Civita connection associated to the

~
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The triple (P, <, >, ) is called a Riemann-Poisson
manifold if
Drm = 0.

A Riemann-Poisson manifold (P, <, >, 7) will be called
flat if the curvature tensor of D given by

R(c, 3)y = Do, v — (DaDg — DgDy) y

vanishes identically.

N
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In the symplectic case, we have
Dr=0& Vr =0,

so Riemann-Poisson manifolds are a generalization of
Kahler manifolds.

In general case, we have

V=0 = Dm = 0.

N

o

/Example

Let P be a Riemannian manifold. Consider
mw = Z Xz A\ Xj.
i<j
where (X1,...,X,) is a family of commuting Killing

vector fields.

We have
Do =Y a(X;)Lx,l — a(X;)Lx,3
i<j
and

Drm =0.

Moreover, (P, <,>,7) is a flat Riemann-Poisson

Qnanifold.
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Let us specify a particular case of this situation.

Theorem 0.1 Let <, > be a bi-invariant metric on a Lie
group G and r € N*G such that [r,r] = 0. Then the
following assertions are equivalent:

Slide 11 (4) (G, 7', <,>) is a Riemann-Poisson manifold.

(17) (G,r",<,>) is a Riemann-Poisson manifold.

(ii1) (G, r' —r",<,>) is a Riemann-Poisson manifold.
(7v) Imr is an abelian subalgebra.

Moreover, all this three structures are flat.

N /
4 N

Proposition 0.1 Let <, > be a bi-invariant metric on a Lie
group G and r € A?G. Then the following assertions are
equivalent:

(i) Vrt = 0.

Slide 12

(79) 7 is adg-invariant.

In this case, Imr is an abelian ideal.
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Some general properties'
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of Riemann-Poisson manifolds'
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Proposition 0.2 Let P be a Riemann-Poisson manifold.
Slide 14 Then the symplectic leaves are Kahler. Moreover, if the
Riemann-Poisson s flat then each symplectic leaf is

affine.
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Let (P, 7, <,>) be a Riemann-Poisson manifold. We
have:

o p € P is aregular point and a € Ty P with m4(a) =0
then D, = 0.

¢ f is a Casimir funtion then

Ddf =0 and  [#(df), 7] = 0.

N
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¢ Let U be un open set where the rank of 7 is constant.
Put, in restriction to U,

TP = Kermy @ Kerw#.
Then:
1. a,3 € I'(Kernt) then D,3 € T'(Kernt),
2. T'(Kermt) is subalgebra of (Q'(U), [, |»)-

N
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/Theorem 0.4 Let P be a Riemann-Poisson manifold \

N
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Theorem 0.2 For any reqular Riemann-Poisson
manifold, the associated Lie algebroid is integrable.

Theorem 0.3 Let P be a Riemann-Poisson manifold.
Denote by p the Riemannian density. Then, for any
function f € C*(P,IR),

LXf,u = 0.

This means that the Poisson structure is unimodular with
respect to the Riemannian density.

N /

such that the Poisson tensor is reqular. Denote by F the
symplectic foliation and by w the leafwise symplectic
form. Then there exists a Riemannian metric g, on P
such that

(1) gr is a bundle-like metric and then F is a
Riemannian foliation;

(71) the restrictions of w and g, to any symplectic leaf
define a Kdahler structure;

(7i1) for any local perpendicular foliation-preserving
vector field X and any couple (U, V') of local vectors fields
tangent to JF,

Lyw(U,V) = 0.
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Linear Riemann-Poisson structures.

Let G be a Lie algebra. To any bilinear symmetric
non-degenerate 2-form <, > on G, we will associate a
product on G denoted by A : G X G — G defined by

2 < Ay, w >=<[u,v],w >+ < [w,ul,v >+ < [w,v],u > .

Definition 0.1 A Lie algebra (G, <,>) endowed with a
scalar product <,> will be called Riemann-Lie algebra if

[Ayv, w] + [v, Ayw] = [u, [v,w]].

N /
4 )

Proposition 0.3 Let P be a Riemann-Poisson manifold
and p € P. Then the isotropy Lie algebra at p is a
Riemann-Lie algebra.

Proposition 0.4 Let G be a Lie algebra. The following
assertions are equivalent:

(1) The dual G* carries a Riemannian metric compatible
with the linear canonical Poisson structure on G*.

(13) There exists on G a scalar product <,> such that
(G, <,>) is a Riemann-Lie algebra.

N /
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Let G be a Lie group and G its Lie algebra. Consider a
scalar product <, > on G. We will denote by:

- <,>* the Riemannian metric on G* associated to <, >;

- <, >! the left-invariant Riemannian metric on G
associated to <, > and V its Levi-Civita connection;

- 6 the right-invariant Maurer-Cartan form on G;

- S<7> = {U € g;a/du + adf; = O}

N /

/Theorem 0.5 Let G be a Lie group, (G, [, ]) its Lie
algebra and <, > a scalar product on G. Then, the
following assertions are equivalent:

1) (G,[, |, <,>) is a Riemann-Lie algebra.
2) (G*, 7', <, >*) is a Riemann-Poisson manifold (7' is
the canonical Poisson tensor on G*).

8) The 2-form df € Q*(G,G) is parallel with respect the
Levi-Civita connection V i.e. Vdf = 0.

4) (G, <,>Y is a flat Riemannian manifold.

5) The orthogonal subalgebra S< ~ of (G,[, |, <,>) is
abelian and G split as an orthogonal direct sum S<~ & U

kwhere U 1s a commutative ideal. J
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/Consider the Heisenberg Lie algebra Hs = IR? where the\
bracket is given by

[61, 62] = €3, [62, 63] == [63, 61] = 0.
Define the Lorentzian bilinear 2-form on Hs by

< u,v >=< Su,v >q

where
1 01
S=[0 0 1
1 10

and <, > the usual scalar product on IR3.

\(H 3,<,>) is a Lorentz-Lie algebra.

-

-

/

The local structure of ﬂat.
Riemann-Poisson manifolds.

Theorem 0.6 Let (P, <,>,7) be a flat Riemann-Poisson
manifold. Let p be a reqular point where the rank of 7 1s

locally constant equal to 2r. Then there exists on a
neighborhood of p a family (Xq,..., X, Y1,...,Y,) of
commuting Killing vectors fields such that

W:ZXJ/\Y;

J=1

N /
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A Riemannian study of Riemann—PoissonI
manifolds on dimension 2 or 3.

/

-

iff

N

Let P be an oriented Riemannian manifold and €2 the
Riemannian volume. Let w € Q?(P) and put 7 = #(w).

7 is a Poisson tensor iff

dwAw) =2wA(w).

7 is unimodular with respect to € iff

di,Ql =d*xw=0.

Thus 7 is a Poisson tensor unimodular with respect to €2

d(w)=0 and d(wAw)=0.

~
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/For 1<p< [M}, we define a multi-vector @), by \

\ o(ANPw) = 0. j
4 N

N /
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2
iQpQ = /\pw.
Let us recall the following formula
Z'[W’QP]Q = —U(iQpQ)

where o is the Koszul-Brylinski given by
oc=1,0d—do1,. We have

Dr=0 < Dw=0 <& D@=0.
Dw = 0 implies D(APw) = 0 which is equivalent to

D@, = 0. Since D is torsion-free, D@, = 0 implies
(7, Qp] = 0 which is equivalent to

Proposition 0.5 Let (P,<,>,m) be a Riemann-Poisson
oriented n-manifold. Consider the differential 2-form w
obtained form m when one identifies, by the metric, the
tangent and the cotangent bundles. Then w satisfies the
following necessary conditions:

d(w)=0, d(wAw)=0 and
n

o(ANPw) =0 for p= 1[5], (1)

where § is the divergence operator associated to the
metric and o is the Koszul-Brylinski operator given by
oc=1,0d—do1,.
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In dimension 2, the conditions (1) reduce to the condition
d(w) = 0 which implies that w = 2 where ¢ is a real
constant. This gives all Poisson structures compatible
with a Riemannian metric on an oriented surface.

N /
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In dimension 3, if we replace w by a = *w, where * is the
Hodge operator, we can writ the conditions (1) in a
different manner, show that this conditions are in fact
sufficient and get the following result.

Theorem 0.7 Let (P, <,>) be an oriented Riemannian
3-manifold and let m be a bivector field on P. Consider
the differential 1-form o given by a = i,.82. Then

(P, <,>,m) is a Riemann-Poisson manifold iff

da=0 and d<a,a>+6(0)a=0 < ([#(a),7]=

N /
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Corollary 0.1 Let (P, <,>) be an oriented Riemannian
3-manifold such that Hjp(P) =0 and let w be a bivector
field on P. Then (P, <,>,7) is a Riemann-Poisson
manifold if and only if there exists f € C*°(P) such that
12 =df and

d<df,df >+A(f)df =0 < ([#(df), 7| = 0)

where A is the Beltrami-Hodge Laplacian acting on

functions.

N /
4 N

Examples. According to Corollary 0.1, a Poisson tensor
7 on IR? is compatible with the Euclidian metric if and
only if

_of g o of 0 o 0f 0 0

900"y oyox 0z Toxoy 02

where f € C*(IR?) and verifies
d < df,df > +A(f)df = 0. (E)

™

N /




Slide 33

Slide 34

M. Boucetta

17

4 )

The polynomial functions of degree 2 solutions of (E) are

flx,y,2) = (a+c)z?+ (a+b)y* + (b+c)2”

— 2Wbcxy + 2V abxz + 2v/acyz.

This gives all linear Poisson structures on IR® compatible
with the Euclidian metric.

N /

4 N

Let myo(3) = Za% A a% — ya% A\ % + :Ua% A\ % be the linear

Poisson structure on IR? corresponding to the Lie algebra
s0(3). In Theorem 0.3, we have shown that there isn’t
any Riemannian metric on IR? compatible with Tso(3)-
However, we have the following proposition.

Proposition 0.6 The function
fa,y,2) = (& + ¢ + %)
is a solution of (F) and then
(2 + 5 + 2) )

is compatible with the canonical metric of IR3.
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